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Abstract
We show that, if p = 3 is an odd prime satisfying p  ≡5 (mod 8), then each nonzero element of GF(p)
can be written as a sum of distinct quadratic residues in the same number of ways, N say, and that the
number of ways of writing 0 as a sum of distinct quadratic residues is N + ( 2p ), where ( 2p ) is the Legendre
symbol. We actually prove a more general result on sum uniform subgroups of GF(p)∗, which holds for any
odd prime p = 3. These results are applied to the problem of determining subgroups H of the multiplicative
group of a finite field, with the property that 1 + h is a non-square of the field, for all h ∈ H .
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
An initial motivation for the questions studied in this paper is the description of the sporadic
semifield flock of the quadratic cone of PG(3,35) given in [1]. The construction of the flock
depends on the fact that the polynomial 1 + x22 takes only non-square values in GF(35), as x
ranges over the nonzero elements of GF(35). This, in turn, relies on the following property of
the quadratic residues mod 11: each nonzero element mod 11 is a sum of quadratic residues in
exactly three ways and 0 is a sum of quadratic residues exactly twice. This raises the question of
whether polynomials of the form 1 + xm taking only non-square values (for nonzero x) in some
finite field can be found using similar sum-uniform properties of the quadratic residues mod p
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794 A.R. Prince / Finite Fields and Their Applications 13 (2007) 793–799for other primes p. The terminology sum-uniform (introduced in this paper) is defined below.
It turns out that the set of quadratic residues mod p is sum-uniform in GF(p) for any prime p,
provided that p ≡ 5 (mod 8) and p = 3. This result is proved in Section 2 (Theorem 2.4) and
is of some interest in its own right, as an elementary result in number theory. It follows from a
more general result giving a sufficient condition for a subgroup of GF(p)∗, p an odd prime = 3,
to be sum-uniform (Theorem 2.3). In Section 3, we use these results to construct polynomials
of the form 1 + xm taking non-square values (for nonzero x) in a finite field, where m is the
index of a subgroup H of order p in the multiplicative group of the field (equivalently, 1 + h is
a non-square for all h ∈ H ). This result also has some independent interest. In the construction
of the sporadic semifield flock of the quadratic cone of PG(3,35), mentioned above, there is an
extra ingredient: we require a pair of additive polynomials (f, g) = (x3, x27) with the property
that f 2 + 4xg = x6(1 + x22) is a non-square of GF(35), for all nonzero x. It is the existence of
this pair of monomials, with exponents a power of the characteristic of the field, satisfying the
required property, that is the remarkable fact. At the end of Section 3, we discuss the possibility
of using our results to find other such pairs of additive monomials, which would give rise to new
flocks.
We now define the terminology sum-uniform. Let p be an odd prime. If S is any subset of
GF(p)∗ and x ∈ GF(p), denote by σS(x) the number of ways of expressing x as a sum of distinct
elements of S (the empty sum is considered to be such a sum and has value 0). We say that
S is sum-uniform if σS(x) is a constant c for each x = 0 and σS(0) = c + , where  = ±1.
More precisely, we say that S is sum-uniform with  = +1 or sum-uniform with  = −1, as the
case may be. If S is sum-uniform, then 2|S| ≡  (mod p), since there are 2|S| subsets of S. We
sometimes denote  by (S).
The standard results on quadratic residues quoted can be found in most introductory texts on
number theory, for example [2]. For more information on flocks of quadratic cones in PG(3, q)
and related structures in finite geometry, see [3–6].
2. Sum-uniform subgroups of GF(p)∗
First, we prove a lemma on ordinary integer sums, relating to powers of 2. The empty sum,
which has value 0, is considered to be a sum of distinct elements of the subset S.
Lemma 2.1.
(a) Let S = {1,2,4,8, . . . ,2k}. Then, the integers which can be expressed as a sum of distinct
elements of S are precisely the integers of the set {0,1,2,3, . . . ,2k+1 − 1}, with each being
uniquely so expressible.
(b) Let S = {1,−2,4,−8, . . . , (−1)k2k}. Then, the integers which can be expressed as a sum of
distinct elements of S are precisely the integers between m and M inclusive, where m is the
sum of all the negative integers in S and M is the sum of all the positive integers in S, with
each being uniquely so expressible.
Proof. (a) This is essentially the statement that every integer between 0 and 2k+1 − 1 has a
unique representation as a binary number with at most k digits.
(b) Consider the integers which can be expressed as a sum of distinct elements of S. Clearly,
the minimum such integer m is the sum of all the negative integers of S and the maximum
such integer M is the sum of all the positive integers of S. Note that M − m = 1 + 2 + 4 +
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is the number of subsets S. Thus, each integer between m and M can be expressed uniquely
as a sum of distinct elements of S, provided none can be so expressed in more than one way.
If A and B are subsets of S with the same sum, then denoting by s+(A) (respectively s−(A))
the sum of the positive (respectively negative) integers in A and similarly s+(B), s−(B), we
have s+(A) + s−(A) = s+(B) + s−(B) so that s+(A) − s−(B) = s+(B) − s−(A). In this final
equation, the LHS and RHS are sums of distinct positive powers of 2, and the uniqueness of the
binary representation implies that the positive integers of A are precisely the positive integers of
B , since these are the even powers of 2 involved on each side of the equation. Similarly, A and B
contain precisely the same negative integers (as these correspond to the odd powers of 2 on each
side of the equation). Thus, A = B . 
We need the following technical result on sum-uniform subsets of GF(p)∗.
Lemma 2.2. Let S and T be disjoint sum-uniform subsets of GF(p)∗. Then S ∪T is sum-uniform
with (S ∪ T ) = (S)(T ).
Proof. If S and T are any disjoint subsets of GF(p)∗, then
σS∪T (x) =
∑
y+z=x
σS(y)σT (z).
Thus, if S and T are disjoint sum-uniform subsets of GF(p)∗ with
σS(x) = c, σT (x) = d, for x = 0,
then
σS∪T (x) =
(
c + (S))d + c(d + (T ))+ cd(p − 2), if x = 0,
σS∪T (0) =
(
c + (S))(d + (T ))+ cd(p − 1)
showing that S ∪ T is sum-uniform with (S ∪ T ) = (S)(T ). 
Theorem 2.3. Let p be an odd prime, p = 3. Any subgroup H of GF(p)∗ containing either
the cyclic subgroup 〈2〉 or the cyclic subgroup 〈−2〉 is sum-uniform. If H has odd order and
contains 〈−2〉, then (H) = −1; otherwise, (H) = +1.
Proof. Consider the cyclic subgroup 〈2〉 generated by 2 in the group GF(p)∗. If the order of 2
is k, then 〈2〉 = {1,2,4, . . . ,2k−1} and 2k ≡ 1 (mod p). For each subset of 〈2〉, consider the sum
in GF(p) of its elements. By Lemma 2.1(a), as we range over all these subsets, the sums consist
precisely of the elements 0,1,2, . . . ,2k − 1, reduced mod p. Since the length of this sequence
is 2k , which is ≡ 1 (mod p), and since the first term is 0, each of 1,2, . . . , p−1 occurs 2k−1
p
times
amongst these sums, with 0 occurring just one more time. Thus, 〈2〉 is sum-uniform with  = +1.
It follows that any coset 〈2〉x of 〈2〉 in GF(p)∗ is sum-uniform with  = +1 (multiplication by
x permutes the nonzero elements of GF(p) and fixes 0). By Lemma 2.2, any subgroup H of
GF(p)∗ containing 〈2〉 is sum-uniform with  = +1.
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then 〈−2〉 = {1,−2,4,−8, . . . , (−1)k−12k−1} and (−1)k2k ≡ 1 (mod p). By Lemma 2.1(b), the
sums in GF(p) of all the elements in the subsets of 〈−2〉 consist precisely of the integers between
m and M (inclusive) reduced mod p, where m is the ordinary sum of the odd powers of (−2)
and M is the ordinary sum of the even powers of (−2), listed in 〈−2〉. The number of integers
between m and M is 2k ≡ (−1)k (mod p). If k is even, then M = 1 + 4 + · · · + 2k−2 = 2k−13
and 2k ≡ 1 (mod p), so that, since p = 3, M is divisible by p and 〈−2〉 is sum-uniform with
 = +1. If k is odd, then M = 1 + 4 + · · · + 2k−1 = 2k+1−13 and 2k ≡ −1 (mod p). Since p = 3,
M + 1 = 2(2k+1)3 is divisible by p and 〈−2〉 is sum-uniform with  = −1. Thus, in all cases,
〈−2〉 is sum-uniform with  = (−1)k . Hence, any coset of 〈−2〉 in GF(p)∗ is sum-uniform with
 = (−1)k . By Lemma 2.2, any subgroup H of GF(p)∗ containing 〈−2〉 is sum-uniform, with
 = +1 unless k is odd and 〈−2〉 has odd index in H , that is unless H has odd order, in which
case  = −1. 
Theorem 2.4. Let p = 3 be an odd prime, satisfying p ≡ 5 (mod 8). Then, the subgroup Q of
quadratic residues mod p is sum-uniform with (Q) = ( 2
p
), where ( 2
p
) is the Legendre symbol.
Proof. Let p = 3 be an odd prime, p ≡ 5 (mod 8). The condition p ≡ 5 (mod 8) ensures that
either 2 or −2 is a quadratic residue mod p (if p ≡ 1 (mod 8) both are, if p ≡ 7 (mod 8) only 2
is, while if p ≡ 3 (mod 8) only −2 is, since −1 is a quadratic non-residue in the latter two
cases). Thus, the subgroup Q of quadratic residues of GF(p)∗ contains either 〈2〉 or 〈−2〉. By
Theorem 2.3, Q is sum-uniform. Moreover, (Q) = +1 unless Q has odd order and contains −2,
that is unless p ≡ 3 (mod 8), when  = −1. Thus, if p ≡ 1,7 (mod 8), Q is sum-uniform with
 = +1, while if p ≡ 3 (mod 8), Q is sum-uniform with  = −1. Hence, Q is sum-uniform with
 = ( 2
p
), where ( 2
p
) is the Legendre symbol. 
Remarks. (a) Elementary considerations show that the function σQ is constant over Q and also
constant over N , the set of all quadratic non-residues mod p (Q acts transitively on Q and N
by multiplication). Also, since the sum of all the quadratic residues mod p is 0, the sum of all
the elements in any subset of Q is the negative of the sum of all the elements in its complement
in Q. Thus, if −1 is a quadratic non-residue, equivalently if p ≡ 3 (mod 4), σQ is constant over
GF(p)∗.
(b) If p ≡ 5 (mod 8), then neither 2 nor −2 is a quadratic residue mod p. In this case, Q need
not be sum-uniform. Table 1 gives the values of σQ(x) for the primes p ≡ 5 (mod 8), p  100.
Table 1
Prime p Value σQ(0) σQ(x), x ∈ Q σQ(x), x ∈ N
5 2 1 0
13 10 6 3
29 578 567 562
37 7156 7095 7071
53 1 266 230 1 266 208 1 266 201
61 17 603 074 17 602 410 17 602 215
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In this section, we apply the previous results to the following cyclotomic problem in finite
fields. Let GF(q) be a finite field and consider the problem of determining subgroups H of the
multiplicative group GF(q)∗ with the property that 1 +h is a non-square of GF(q) for all h ∈ H .
If H has index m in GF(q)∗, this property is equivalent to the assertion that 1 + xm is a non-
square of GF(q) for all x ∈ GF(q), x = 0. We prove the following theorems.
Theorem 3.1. Let p and  be odd primes such that  ≡ 3 (mod 8) and p divides n − 1, where
n is an odd positive integer. Let H denote the subgroup of GF(n)∗ of order p. Assume that the
cyclic subgroup 〈〉 of GF(p)∗ is a sum-uniform subset with  = −1. Then, 1+h is a non-square
of GF(n) for all h ∈ H .
Proof. Firstly, observe that the conclusion is true for h = 1 since  ≡ 3 (mod 8), n odd, implies
that n ≡ 3 (mod 8), so that 2 is a non-square of GF(n).
Now assume that h is a non-identity element of H , so that h has order p. Let N denote the
norm map from GF(n) to GF() and let the order of  in GF(p)∗ be k. Note that k divides n,
since p divides n − 1. Then
N(1 + h) = (1 + h)(1 + h)(1 + h2) · · · (1 + hn−1)
= [(1 + h)(1 + h)(1 + h2) · · · (1 + hk−1)]n/k
=
( ∑
A⊂〈〉
hsA
)n/k
=
(
−1 + c
∑
h∈H
h
)n/k
= (−1)n/k = −1,
where A ranges over the subsets of 〈〉 = {1, , 2, . . . , k−1}, sA denotes the sum of the elements
in A and c denotes the number of times each nonzero element of GF(p) occurs as a sum sA,
〈〉 being a sum-uniform subset of GF(p) with  = −1. We use the hypothesis that n is odd for
the final equation.
Since  ≡ 3 (mod 4), −1 is a quadratic non-residue mod . Thus, 1 + h is a non-square of
GF(n), since its norm is a non-square of GF(). Hence, 1 + h is a non-square of GF(n) for all
h ∈ H . 
Theorem 3.2. Let p = 3 and  be odd primes such that  ≡ 3 (mod 8) and p divides n − 1,
where n is an odd positive integer. Let H denote the subgroup of GF(n)∗ of order p. Assume
that the cyclic subgroup 〈〉 of GF(p)∗ contains −2. Then, 1 + h is a non-square of GF(n) for
all h ∈ H .
Proof. The order of  in GF(p)∗ divides n, since p divides n − 1. Since n is odd, 〈〉 has odd
order. Thus, 〈〉 is a subgroup of odd order of GF(p)∗ containing 〈−2〉. By Theorem 2.3, 〈〉 is
sum-uniform with  = −1. We now have all the hypotheses of Theorem 3.1 and the conclusion
follows. 
Theorem 3.3. Let p be a prime of the form 2q + 1, where q is a prime ≡ 1 (mod 4), and let
 be a prime ≡ 3 (mod 8). Assume that  is a quadratic residue mod p,  ≡ 1 (mod p). Then,
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h ∈ H .
Proof. The quadratic residues mod p form a subgroup Q of order q of GF(p). Thus, Q = 〈〉
since q is prime. Since q ≡ 1 (mod 4), p ≡ 3 (mod 8). Thus, −2 is a quadratic residue mod p,
so that Q = 〈〉 contains −2. Moreover,  has order q in GF(p)∗ so that p divides q − 1. Thus,
GF(q)∗ contains a unique subgroup H of order p. By Theorem 3.2, 1 + h is a non-square of
GF(q) for all h ∈ H . 
Theorem 3.4. Let p be a prime of the form 2q + 1, where q is a prime ≡ 1 (mod 4). Then,
GF(3q)∗ contains a subgroup H of order p such that 1 + h is a non-square of GF(3q) for all
h ∈ H .
Proof. We cannot have q ≡ 1 (mod 3), since 2q + 1 is prime. Thus, q ≡ 2 (mod 3). By the
quadratic reciprocity law (since p ≡ 3 mod 4)
(
3
p
)
= −
(
p
3
)
= −
(
2
3
)
= +1.
Thus, 3 is a quadratic residue mod p and the hypotheses of the previous theorem hold with  = 3.
The theorem follows. 
For example, GF(35)∗ contains a subgroup H of order 11 such that 1 + h is a non-square of
GF(35) for all h ∈ H . Theorem 3.4 gives a family of such examples, one for each prime pair
(p, q), where p = 2q + 1 and q ≡ 1 (mod 4). Table 2 lists the first ten such prime pairs (p, q).
As stated in the introduction, one motivation for these results comes from the theory of finite
geometries. Examples of flocks of quadratic cones in PG(3, q), generalised quadrangles of order
(q, q2) and many other related structures, arise from pairs of functions f,g : GF(q) → GF(q)
with the property that [f (t) − f (s)]2 + 4(t − s)[g(t) − g(s)] is a non-square of GF(q), for all
t, s ∈ GF(q) with t = s. If f and g are additive functions then the condition is equivalent to the
property that f (x)2 + 4xg(x) is a non-square of GF(q) for all x ∈ GF(q), x = 0. For the details
of the finite geometry constructions, see the excellent articles [3,4].
If GF(q)∗ contains a subgroup H such that 1 +h is a non-square of GF(q) for all h ∈ H , then
1 + xm is a non-square of GF(q) for all x ∈ GF(q), x = 0, where m is the index of H in GF(q)∗.
If q is odd, this gives rise to a pair of functions defined on GF(q): f (x) = 1, g(x) = 14xm−1 with
the property that f (x)2 + 4xg(x) = 1 + xm is a non-square for all x = 0. Of course, g need not
be additive and we would like to replace the pair (f, g) by a pair of additive polynomials of the
form (xk, x2kxm−1) for some k (both k and 2k + m − 1 must be powers of the characteristic of
the field). This is possible in the case of GF(35) and a subgroup H of order 11. Here, m = 22
so that 1 + x22 is a non-square for all x = 0 and the monomial pair (f, g) = (1, x21) has the
property that f (x)2 + 4xg(x) = 1 + x22 is a non-square for all x = 0. Replacing (f, g) by the
pair (x3f,x6g) = (x3, x27) gives a pair of additive functions satisfying the critical condition,
Table 2
q 5 29 41 53 89 173 233 281 293 509
p 11 59 83 107 179 347 467 563 587 1019
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of PG(3,35) can be constructed from this pair of functions, see [1]. However, this case appears
to be the only one, amongst the family of examples given by Theorem 3.4, where a translation
to a pair of additive monomials is possible (i.e. finding k such that both k and 2k + m − 1 are
powers of 3). A computer search shows that it is the only case amongst the first ten prime pairs
(p, q) listed above. It is not known whether other sporadic monomial semifield flocks exist, but
they seem to be rare, as the computer results described in [1, Section 3] indicate.
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